We analyze the relationship between the absolute continuity of charges and the Henstock-Kurzweil integral on metric measure spaces. We also discuss a measure theoretic characterization of the Henstock-Kurzweil integral in terms of the Henstock variational measure, on such spaces.
Introduction
A function f : [0, 1] → R is said to be Henstock-Kurzweil integrable, with some λ ∈ R as its integral, if for every ε > 0 there exists a positive function δ : [0, 1] → (0, 1), such that the inequality n i=1 f (t i )(x i − x i−1 ) − λ < ε is satisfied whenever 0 = x 0 < x 1 < x 2 < · · · < x n = 1, |x i − x i−1 | < δ(t i ) and the tags t i ∈ [x i−1 , x i ] for each i = 1, . . . , n.
In [13] , Ng We Leng and Lee Peng Yee defined this integral on measure spaces endowed with metric topologies. Leng further proved some important results in his subsequent papers. For more details, see [13, 14, 15] .
We observe that the integral in [13, 14, 15] is not well-defined. To prove the Cousin's lemma it is implicitly assumed that a closed and bounded set in a metric space is compact, which is not always true.
In this paper, we resolve such issues and deal with some questions regarding the interconnection of absolute continuity of charges and the HenstockKurzweil integral on metric measure spaces. We also deal with similar questions for the Henstock variational measure.
Preliminaries
Let (X, d) be a metric space with metric topology T . An open ball in X, of radius r and center x, is denoted by B(x, r) where x ∈ X and r ≥ 0.
Let T 0 denotes the family of open balls in X. For B ∈ T 0 , let B denotes its closure. Consider the following collections of sets:
, for all i ∈ ∧ and ∧ is a finite set .
Let B denotes the σ-algebra of Borel subsets of X and μ : B → [0, ∞) be a given measure satisfying μ({y ∈ X : d(x, y) = r}) = 0, for each x ∈ X and r ≥ 0. Let Ω denotes the μ-completion of B, on subsets of X.
We shall call sets in T 2 generalised intervals or simply intervals whenever there is no ambiguity. Any finite union of intervals in X will be called a figure. Note that, because of our choice of μ, we have μ(I) = μ(I) for each interval I in X.
Next we present a Riemann-type integral on metric spaces. Let E be compact figure in X. Definition 2.1.
. . , p} of point-interval pairs is said to be a partial division in E if I i 's are mutually disjoint intervals and
(iii) A function f : E → R is said to be Henstock-Kurzweil integrable (or simply HK-integrable), with some λ ∈ R as its integral, if for every ε > 0 there is a gauge δ : E → (0, ∞) such that the inequality
Given any set A ⊂ E, we say that f is HK-integrable over A if the function
It is pertinent to mention that the generalized intervals in the HK-integral cannot be replaced with measurable sets or closed sets, as in that case the integral will be reduced to the McShane integral, see [9] for more details.
As usual these integrals are uniquely determined, closed under addition and scalar multiplication.
Remark 2.2. Note that this integral is well-defined only if for each gauge δ on E there exists at least one δ-fine division of E.
A proof for the existence of such δ-fine divisions is given in [13] . But it assumes that a closed and bounded interval in a metric space is compact, which is not true in general. Since we have chosen E to be a compact set, the existence of a δ-fine division of E is assured. Remark 2.3. In [13] , the authors state an additional regularity hypothesis on the measure. But that is redundant as a totally finite measure on a metric space is always regular, see [6, Proposition 19.13 ] for more details.
The absolute continuity and the HK-integral
For any given algebra of sets F , a function ν : F → R is said to be a charge on F if it is a finitely additive set function on F with ν(∅) = 0.
For any two charges ν 1 and ν 2 on F , we say that ν 1 is absolutely continuous with respect to ν 2 if for every ε > 0 there exists a δ > 0 such that ν 1 (A) < ε for every A ∈ F satisfying ν 2 (A) < δ. In this case, we use the abbreviation ν 1 ν 2 . It should be noted that in case of measures, there are some other equivalent versions of the absolute continuity. But If we extend them over charges they remain no more equivalent. For more details, see [5] .
Fix F to be the algebra generated by subintervals of E. Let f : E → R be a Henstock-Kurzweil integrable function with primitive F . That is 
A corresponding result for charges is not known (see [2, 5] for more details). Since the primitive of a Henstock-Kurzweil integrable function need not be countably additive, we aim at exploring the following questions:
(ii) Let F : F → R be the charge associated with a Henstock-Kurzweil integrable function f : E → R. Is F μ?
We now answer both of these questions one by one. The first question is answered in the affirmative which requires the following results about charges. Proof. For the contradiction, first assume that ν is not bounded above. Then for each n ∈ N there exists A n ∈ F such that ν(A n ) > n. For each n ∈ N, let
Since ν μ, for ε = 1 choose η > 0 such that |ν(A)| < 1 for every A ∈ F with μ(A) < η. Also we have
Thus for any n 1 > n 0 ,
Thus, n 1 < |ν(A n 1 )| < 1 + |ν(A n 0 )| for every n 1 > n 0 , a contradiction. Thence ν is bounded above. Similarly, we can prove that ν is bounded below. As a consequence of the above result we obtain the next lemma. Since μ is a measure, Theorem 3.1 gives lim n→∞ μ(A n ) = 0. Choose n 0 ∈ N such that μ(A n ) < η for all n ≥ n 0 . This implies |ν(A n )| < ε for all n ≥ n 0 and thence lim n→∞ ν(A n ) = 0.
Since every Lebesgue integrable function is absolutely HK-integrable (see [14] ), the following theorem answers our first question. To prove this, let ε > 0 be given. Since F
Since μ is regular we may choose a set O, open in E, such that A ⊂ O ⊂ E and μ(O) < η. Note that O is Lindeloff, as E is a compact metric space. Thus O can be written as a countable union of mutually disjoint intervals {I n : n ∈ N} in E. Thus we have
This proves that F
μ. Now by Theorem 3.1, there exist Lebesgue integrable functions f 1 and f 2 on E such that
Thence f := f 1 − f 2 is a Lebesgue integrable function and for any A ∈ F, we have
In general, the answer to our second question is in the negative. That is, the indefinite Henstock-Kurzweil integral may not be absolutely continuous with respect to μ. To exhibit that we consider the following example, as discussed in [13] . Example 3.3. Let X be a compact metric space satisfying μ(B) > 0 for each ball B in X. Fix any x 0 ∈ X and let E = B(x 0 , 1). For each n ∈ N, let B n = B(x 0 , 1/n) and I n = B n \ B n+1 . Define f : E → R as follows:
whenever x ∈ I n , for some n and f (x 0 ) = 0.
By [13] , f is Henstock-Kurzweil integrable with its primitive F given by
We show that F is not absolutely continuous with respect to μ. To prove this let ε = 1. For each η > 0, choose n η ∈ N such that n≥nη μ(I n ) < η. This is possible since n≥1 μ(I n ) = μ(E) < ∞. Next select integers n 1 , n 2 , . . . , n mη all odd and all ≥ n η , such that the inequality mη k=1 
showing that F is not absolutely continuous with respect to μ.
Now we consider similar questions on the Henstock-Kurzweil variational measure V F , induced by the charge F .
The variational measure and the HK-integral
Given any charge F : F → R, the Henstock variational measure V F on subsets of E is defined as follows:
where the supremum is taken over the class of δ-fine partial divisions
(ii) The Henstock variational measure V F on M is defined as
where the infimum is taken over all the gauges δ : M → (0, ∞).
It can be easily seen that when M is a compact real interval, V F (M) is the standard total variation of F over M.
It is known that on finite dimensional Euclidean spaces, V F is a metric outer measure, see [1, Proposition 3.3] . The same proof is valid for general metric measure spaces. Further, an application of [4, Theorem 3.7] shows that V F is a Borel measure. Finally from [11, Theorem 3.7] we observe that if V F is absolutely continuous with respect to μ then V F is a measure on Ω.
For X = R m ; m ∈ N, Lee Tuo Yeong has proved the following characterization of the Henstock-Kurzweil integral, see [11, Theorem 4.3] . (ii) V F is absolutely continuous with respect to μ.
In [7, Proposition 2] , a proof can be found for fact that (i) implies (ii), which is valid even for functions over metric measure spaces.
Lee has given two different proofs for the other way implication in [11] and [12] but both of them are dependent upon the Euclidean structure of R m . Using this result the Hake's theorem was generalized in [10] .
For general metric measure spaces, whether (ii) implies (i) remains an open question.
